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With atomic spontaneously generated coherence (SGC), we propose a novel scheme to coherently
control the atom–photon momentum entanglement through atomic internal coherence. A novel phe-
nomena of “phase entanglement in momentum” is proposed, and we found, under certain conditions,
that super–high degree of momentum entanglement can be produced with this scheme.
PACS numbers: 03.65.Ud, 42.50.Vk, 32.80.Lg
I. INTRODUCTION
Entanglement with continuous variable attracts many
attentions for its fundamental importance in quantum
nonlocality [1] and quantum information science and
technology [2]. As a physical realization, the continuous
momentum entanglement between atom and photon has
been extensively studied in recent years [3, 4, 5, 6, 7].
In the process of spontaneous emission [3, 4], the mo-
mentum conservation will induce the atom–photon en-
tanglement, with its degree inversely proportional to the
linewidth of the emission. Therefore, by squeezing the
effective transition linewidth, super–high degree of mo-
mentum entanglement may be produced [5, 6]. With this
entanglement, further, it is possible to realize the best lo-
calized single–photon wavefunction even in free space [3].
In this paper, we propose a novel scheme to coher-
ently control and enhance the momentum entanglement
between single atom and photon. We found, for the
atomic system with spontaneously generated coherence
(SGC) [8, 9], that the interference between photons emit-
ted along different quantum pathways could enhance the
momentum entanglement significantly. Due to SGC, the
degree of entanglement is determined by the intensity of
the interference in the emission process, and can be ef-
fectively controlled by the atomic coherence between its
internal states. Under this new mechanism of entangle-
ment enhancement, the entangled system could exhibit
novel feature of “phase entanglement” in the momentum
space, which does not exist in the previous schemes with-
out interference [3, 4, 5, 6, 7]; and the degree of entan-
glement is found to be “abnormally” proportional to the
atomic linewidth. Moreover, by effectively squeezing the
separation of the upper levels, it is possible to produce
super–high degree of momentum entanglement for the
atom–photon system with this scheme [10].
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FIG. 1: (a) The atom has two closely–lying upper levels to
provide different quantum pathways for the spontaneous emis-
sion. The momentum conservation makes the emitted photon
entangled with the recoiled atom. (b) Schematic diagram for
the detections. The two detectors are fixed in one dimension
as in the reported experiments [7].
II. THEORETICAL MODEL
As shown in Fig. 1 (a), the atom with two nearly–
degenerate upper levels has two transition pathways (de-
noted by “a” and “b” respectively) to induce the momen-
tum entanglement with the emitted photon. To have
strong interference between the two transitions, we as-
sume that the dipoles µa,b for the transitions are parallel
with each other [8]. Then, the Hamiltonian under the
rotating wave approximation (RWA) can be written as:
Hˆ =
(~~ˆp)2
2m
+
∑
~k
~ω~kaˆ
†
~k
aˆ~k + ~ωaσˆ11 + ~ωbσˆ22 (1)
+ ~
∑
~k
[
ga(~k)σˆ31aˆ
†
~k
e−i
~k·~r + gb(~k)σˆ32aˆ
†
~k
e−i
~k·~r +H.c.
]
,
where ~~ˆp and ~r denote atomic center–of–mass momen-
tum and position operators, σˆij the atomic operator |i〉〈j|
(i, j = 1, 2, 3), and aˆ~k (aˆ
†
~k
) is the annihilation (creation)
operator for the kth vacuum mode with wave vector ~k
and frequency ω~k ≡ ck. ga,b(~k) are the coupling coeffi-
cients for the transitions “a” and “b”, where we use ~k
to denote both the momentum and polarization of the
vacuum mode for simplicity.
With the spontaneous emission, the momentum con-
2servation will make the emitted photon entangled with
the recoiled atom in momentum. It is convenient to de-
pict this entangling process in the Schro¨dinger picture,
and expand the photon–atom state as:
|ψ〉 =
∑
~q
C1(~q, t)|~q, 0, 1〉+
∑
~q
C2(~q, t)|~q, 0, 2〉
+
∑
~q,~k
C3(~q,~k, t)|~q, 1~k, 3〉 , (2)
where the arguments in the kets denote, respectively, the
wave vector of the atom, the photon, and the atomic
internal states.
With the transformation
C1,2(~q, t) = exp
[
−i
(
~q2
2m
+ ωa
)
t
]
· A1,2(~q, t) , (3)
C3(~q,~k, t) = exp
[
−i
(
~q2
2m
+ ck
)
t
]
· B(~q,~k, t) , (4)
and Weisskopf–Wigner approximation, we yield the dy-
namic equations from the Schro¨dinger equation:
dA1,2(~q, t)
dt
= −γa,b
2
A1,2(~q, t)
− ε
√
γaγb
2
A2,1(~q, t)e
±i(ωa−ωb)t, (5)
i
dB(~q,~k)
dt
= ga(~k)e
i[−~(2~q+~k)·~k/2m+ck−ωa]tA1(~q + ~k)
+ gb(~k)e
i[−~(2~q+~k)·~k/2m+ck−ωb]tA2(~q + ~k) ,
(6)
where the nonrelativistic approximation (~~q, ~~k ≪ mc)
and the relation ω12 ≡ ωa − ωb ≪ ωa, ωb are used.
γa,b = 2π
∑
~k |ga,b(~k)|2δ[~(2~q − ~k) · ~k/2m + ωa,b − ck]
are the linewidthes for the two transitions, and ε ≡
~µa · ~µb/|~µa| · |~µb| = 1 as we have assumed previously.
Suppose the atom is initially prepared to a superposed
state A10|1〉+ A20|2〉 and has a Gaussian wavepacket as
G(~q) ∝ e−(~q/δq)2 , and the detections are restricted in one
dimension as in Fig. 1 (b), the one–dimensional steady
solutions for Eqs. (5) and (6) yield:
A1(q, t→∞) = A2(q, t→∞) = 0 , (7)
B(q, k, t→∞) = −iχ0 exp[−(∆q/η)2]× (8)[
C1(2gbs1/ε
√
γaγb − ga)
i(∆q +∆k) + ( s1γa − 12 )
+
C2(2gbs2/ε
√
γaγb − ga)
i(∆q +∆k) + ( s2γa − 12 )
]
,
where the parameters are defined as:
s1,2 ≡ 1
2
(λ ±
√
λ2 + ε2γaγb) , (9)
λ ≡ 1
2
(γa − γb) + iω12 , (10)
C1,2 ≡ ±
s2,1A10 +
1
2ε
√
γaγbA20
s2 − s1 , (11)
η ≡ δq~k0
mγa
, k0 ≡ ωa
c
, (12)
FIG. 2: (a) The “amplitude entanglement” R ratio is plotted
in dependence on the atomic coherence r and θ with δ = 0.02,
η = 0.1. (b) The contour plot of figure (a). The circular
contours indicates the symmetric roles played by r and θ in
controlling the R ratio. The FWHM is denoted with δθ and
δr as in the figure.
and the effective wave vectors are defined by:
∆k ≡ k − k0
γa/c
, ∆q ≡ ~k0
mγa
(q − k0) , (13)
where χ0 is the normalized coefficient.
III. AMPLITUDE ENTANGLEMENT IN
MOMENTUM
The nonfactorization of the wavefunction in Eq. (8)
indicates the entanglement of the atom–photon system.
In both theoretical [4, 11] and experimental [7] studies
of the continuous entanglement, the ratio (denoted by
“R”) of the conditional and unconditional variances plays
a central role, since it is a straightforward experimental
measure of the nonseparability, i.e., the entanglement, of
the system.
With the single–particle measurement, the uncondi-
tional variance for the effective momentum of the atom
is δqsingle ≡ 〈∆q2〉−〈∆q〉2, where the average 〈·〉 is taken
over the whole ensemble (cf. Eq. (24)). Meanwhile, the
coincidence measurement gives the conditional variance
as δqcoin ≡ 〈∆q2〉∆k0 − 〈∆q〉2∆k0 , where the photon is
now assumed to be detected at some known ∆k0 (cf. Eq.
(25)). With the two variances, we have:
R ≡ δqsingle/δqcoin ≥ 1. (14)
Since the R ratio is constructed from the amplitude
information of the wavefunction, it evaluates the “ampli-
tude entanglement” for the system; and as it is defined
for the momentum measurements, its value does not vary
with time [4, 12] and can be directly detected in experi-
ments [7].
Due to the interference with the transitions, the R ratio
highly depends on the initial coherence of the two upper
levels, which can be described with a couple of parame-
ters (r, θ) defined as er+iθ = A10/A20, where r controls
the relative occupation probabilities for the two upper
3FIG. 3: The FWHM of the R ratio is plotted in solid lines in
dependence on δ with η = 0.05, 0.1, 0.2 from the top to the
bottom. Dashed lines are the fitted function 2δ/η.
levels, and θ determines their coherent phase. In further
discussions, we assume γ1 = γ2 ≡ γ for simplicity, and
define a dimensionless small parameter δ ≡ ω12/γ < 1
since the upper levels are nearly degenerate.
With Eqs. (8) and (14), we get the relations between
R and the coherence parameters r and θ as in Fig. 2.
Under the conditions η ≪ 1 and δ2/η ≪ 1 [13], we find
that the function R(r, θ) can be well approximated by a
Lorentzian shape, and as shown in Fig. 2 (b), the param-
eters r and θ play very symmetric roles in controlling the
“amplitude entanglement” R, although they are defined
with quite different physical essence.
With the above approximations, we find that the R
ratio is maximized at the “dark state coherence”, i.e.,
Rmax = R(r = 0, θ = π) ≈
√
2πη
δ2
, (15)
whereas r = 0 and θ = 0 minimizes the value of R.
Furthermore, the full width at half maximum (FWHM)
of the function R(r, θ) can be well approximated by:
δr ≈ δθ ≈ 2δ
η
, (16)
as shown in Fig. 3. Therefore, with properly chosen
atomic parameters η and δ, this scheme could be used
to produce significant “amplitude entanglement” in a
relatively large range of the atomic coherence. For ex-
ample, with η = δ = 0.01, the “amplitude entangle-
ment” of R > 100 can be produced within the range
of 0.018 < |A10/A20|2 < 55, and 0.36π < θ < 1.6π.
IV. FULL ENTANGLEMENT AND STEADY
PHASE ENTANGLEMENT IN MOMENTUM
In order to evaluate the full entanglement for the bi-
partite system in a pure state, one may use the “Schmidt
number”[3, 14]. With the method of Schmidt decompo-
sition [15], the entangled wavefunction can be uniquely
converted into a discrete sum as:
B(q, k) =
∑
n
√
λnψn(q)φn(k), (17)
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FIG. 4: Plots of K and R/2.2 in dependence on the atomic
coherence r or θ. (a) η = 0.2, δ = 0.04, θ is fixed at pi. (b)
η = 0.2, δ = 0.04, r is fixed at 0. (c) η = 0.5, δ = 0.08, θ is
fixed at 0.
where the λn’s are ordered as λ1 ≥ λ2 ≥ λ3 ≥ ... and the
ψn(q)’s and φn(k)’s are complete orthonormal sets for the
Hilbert spaces of the atom and the photon, respectively.
With Eq. (17), the Schmidt number K is defined as:
K ≡ 1∑
n λ
2
n
≥ 1. (18)
As the Schmidt number is constructed with full infor-
mation of the wavefunction, and is invariant under rep-
resentation transformations, it represents the full entan-
glement information for the entangled system.
We plot the numerical results of K in comparison with
the R ratio in Fig. 4, where one sees that, both of them
are maximized at the coherence of (r = 0, θ = π) and
minimized at (r = 0, θ = 0). However, compared with
R(r, θ), K(r, θ) has a much slower decay around its max-
imum, which indicates that, by tuning the atomic co-
herence, more entanglement may be transferred into the
phase and can no longer be observed by the amplitude
detection with the R ratio. Actually, due to the “phase
entanglement”, the systems with the same Schmidt num-
ber may exhibit significantly different “amplitude entan-
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FIG. 5: The numerical results of K (in spots) and the func-
tion R/2.2 (in solid line) are plotted at the maximum atomic
coherence r = 0 and θ = pi.
glement” under different initial conditions. For example,
with parameters δ = 0.04, η = 0.7, r = 0, θ = π, for
the system we have K ≈ 490 and R ≈ 1200; however,
when the initial conditions change to η′ = 1, r′ = 0.4,
the system has the same Schmidt number K ′ = K ≈ 490
but a significantly smaller “amplitude entanglement”
R′ ≈ 96 ≈ 0.08R, because more entanglement informa-
tion is transferred into the phase.
Similar phenomenon of the “phase entanglement” has
been reported recently [4, 11, 12] in the position space.
Due to the spreading of the wavepacket, the phase entan-
glement in position space appears only in a short time
interval and must be detected by a series of spatial mea-
surements in time [11]. However, in this scheme, as the
phase entanglement is in the momentum space, it is not
affected by the wavepacket’s spreading and keeps invari-
ant with time, therefore, it will be much easier to be
observed in experiments with direct detections [7].
By comparing with the “maximally entangled states”,
it is possible to formally evaluate the “phase entangle-
ment” for all the states under this scheme. For the states
with entanglement maximized by r and θ, the wavefunc-
tions take the form:
B(q, k, t→∞) ≈ χ0 · e
−(∆q/η)2
i(∆q +∆k)− δ2/4 , (19)
and then the Schmidt number can be well approximated
as [3, 5]:
Kmax ≈ 1 + 0.28(4η/δ2 − 1). (20)
With Eqs. (20) and (15), we have:
Kmax = K(r = 0, θ = π) ≈ Rmax
2.2
, (21)
≈ 1.12~k0δqγ
mω212
. (22)
As shown in Fig. 5, the relation of Eq. (21) is well
fulfilled for all η and δ with η/δ2 ≫ 1 and η ≪ 1 [13].
The linear relation betweenKmax andRmax in Eq. (21)
indicates that there is little phase entanglement for the
“maximally entangled states” produced with r = 0 and
θ = π, since their full entanglement can be completely
obtained by the amplitude detection with the R ratio.
For states with other r and θ, as in Fig. 4, we always
have K ≥ R/2.2, therefore, the phase entanglement can
be evaluated by:
PE ≡ 2.2K
R
≥ 1. (23)
The quantity PE, as we stated above, evaluates the de-
gree of the “phase entanglement” for all the states pro-
duced with the control parameter η, δ, r and θ under this
scheme.
In the previous works on atom–photon momentum en-
tanglement [3, 4, 5, 6], the entanglement is produced
along a single quantum pathway without interference.
Therefore, the system has a similar wavefunction as Eq.
(19) and exhibits little “phase entanglement” in momen-
tum as we explained above. In this scheme, the interfer-
ence between two quantum pathways produce obviously
different entangled state as in Eq. (8), which may give
rise to the significant “phase entanglement” in the mo-
mentum space.
Moreover, for the single–path scheme [3, 4, 5, 6], the
Schmidt number is always inversely proportional to the
linewidth of the transition; while in our proposed scheme,
however, one sees that Kmax ∝ γ as in Eq. (22). This
abnormal phenomenon indicates that the mechanism for
the entanglement in this scheme is essentially different
with the previous ones [3, 4, 5, 6]. By squeezing the
effective separation of the upper levels, as K ∝ 1/ω212
in Eq. (22), it is possible to use this scheme to produce
supper–high degree of momentum entanglement for the
atom–photon systems [10].
V. SCHMIDT MODES
The phenomenon of “phase entanglement” is related
to the coherence between different Schmidt modes ψn(q)
defined in Eq. (17). With the Schmidt decomposition,
the unconditional variance δqsingle can be written as:
δqsingle =
∫
d∆q d∆k∆q2|B(q, k)|2,
=
∫
d∆q ∆q2
∑
n
λn|ψn(q)|2,
=
∫
d∆q ∆q2Ei(q), (24)
where Ei(q) ≡
∑
n λn|ψn(q)|2 is a probability distribu-
tion constructed by an “incoherent” summation of dif-
ferent Schmidt modes weighed by λn. The conditional
variance, however, is written as:
δqcoin =
1
N
∫
d∆q ∆q2|B(q,∆k0)|2,
=
1
N
∫
d∆q ∆q2|
∑
n
√
λnφn(∆k0)ψn(q)|2, (25)
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FIG. 6: First three Schmidt modes are compared between
states B(q, k) and B′(q, k) with δ = 0.1, η = 0.94, r = 0,
θ = pi and δ′ = δ, θ′ = θ, η′ = 1, r′ = −0.4, respectively,
where one has K′ ≈ K and R′ ≈ 0.3R. The phase entangle-
ment of B′(q, k) broadens the fist Schmidt mode and decreases
the number of peaks for the rest ones. The inset shows the
distribution of the eigenvalues λn in the Schmidt decomposi-
tion.
where N =
∑
n λn|φn(∆k0)|2 is the normalized coeffi-
cient. When K is large, φn(∆k0) can be approximated
as a constant, then we have:
δqcoin ≈
∫
d∆q ∆q2|Ec(q)|2, (26)
where Ec(q) ≡
∑
n
√
λnψn(q) is a “coherent superpo-
sition” of different Schmidt modes. Comparing Eq.
(24) with (26), one sees that the R ratio defined as
R = δqsingle/δqcoin actually represents the degree of the
packet narrowing caused by the coherence between dif-
ferent Schmidt modes.
In Fig. 6, we compare the atomic Schmidt modes be-
tween two states B(q, k) and B′(q, k) with K ′ ≈ K and
R′ ≈ 0.3R. It is found that the phase entanglement will
significantly broaden the fist few Schmidt modes and de-
crease the number of peaks for the rest ones. Moreover,
the coherence between different Schmidt modes dimin-
ishes, which decreases the R ratio as we stated above.
The photonic Schmidt modes exhibit similar proper-
ties as the atomic modes. We emphasize that the prop-
erty of Gaussian localization [3, 5] of the single–photon
modes still remains in spite of the shape distortions
caused by the interference. Therefore, it demonstrates
the possibilty to apply the idea of “localized single–
photon wavefunction in free space”[3] to even more com-
plicated atomic systems.
VI. CONCLUSION
In summary, we have investigated the recoiled–induced
atom–photon entanglement in the atomic system with
SGC. Due to the quantum interference in the emission
process, the momentum entanglement can be effectively
controlled by the atomic internal coherence, and may be
greatly enhanced by increasing the linewidth or squeez-
ing the separation of the upper levels as in Eq. (22). The
novel phenomenon of “momentum phase entanglement”
is shown and evaluated quantitively. Further, we com-
pare the atomic Schmidt modes for different entangled
states in the momentum space.
In order to experimentally observe these phenomena,
one needs two nearly degenerate upper levels with
parallel dipole moments. This configuration has been
extensively studied both theoretically and experimen-
tally [8, 9] in recent years, and can be realized by
mixing different parity levels or by using dressed-state
ideas. With proper control of the atomic coherence [9],
it is most probable to observe the “momentum phase
entanglement” in experiments. Furthermore, by squeez-
ing the separation of the upper-levels in dressed–state
with an auxiliary light [8], this scheme can be used to
produce super-high degree of entanglement for realistic
applications [10] .
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